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Why superconducting cavities? Ans: Extremely low loss.
Useful for quantum computing in the low energy regime, and for particle accelerators in the 
high energy  regime

•
•
•
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• Company Nord Quantique based in Sherbrooke - QC has as its main mission the 
integration of 3d cavities to superconducting circuit chips. 



Survey of superconductivity
• You’re probably familiar with the fact that resistance drops to zero when temperature 

T decreases below the superconducting critical temperature Tc:

• The microscopic explanation for this was given by Bardeen, 
Cooper, and Schrieffer (BCS): For some materials, electron-
phonon interaction leads to attraction between electrons 
close to the Fermi surface. These form 2-electron “molecules” 
called Cooper pairs which move without resistance.



Superconducting materials

https://nationalmaglab.org/education/magnet-academy/learn-the-basics/stories/superconductivity-101

Persistent Currents 729 

Table 34.2 
VAUJES OF T., AND FOR THE 
SUPERCONDUCTIJSC ELEMENTs• 

T. < Hr 
ELbMENT (K) (GAUSS)b 

Al 1.196 99 
Cd 0.56 30 
Ga 1.091 51 
Hf 0.09 
Hg ex (rhomb) 4.15 411 

p 3.95 339 
In 3.40 293 
lr 0.14 19 
La ex (l1cp) 4.9 798 

{3 (fcc) 6.06 1096 
Mo 0.92 98 
Nb 9.26 1980 
Os 0.655 65 
Pa 1.4 -
Pb 7.19 803 
Re 1.698 198 
Ru 0.49 66 
Sn 3.72 305 
Ta 4.48 830 

• Tc 7.77 1410 
Th 1.368 162 
Ti 0.39 100 
Tl 2.39 171 
u ex 0.68 

}' 1.80 
v 5.30 1020 
w 0.012 I 
Zn 0.875 53 
Zr 0.65 47 

• For type ll superconductors, the zero-u:mperat ure 
critical field quoted is o btained from an equal-area 
construction: The low-field (H < H, .) magnetiza-
tion is extrapolated linearly to a field II, chosen to 
give an enclosed area equal to the area under the 
actual magnetization curve. 
bAtT = O{K). 
Sources: B. W. Roberb. Pro(IT. Cryog. 4, 161 (1964): 
G . Glndstone. M. A Jensen, and J. R. Schrieffer, 
Superco/Uiuctirity, R. D . Purk$, t-'<1., Dekker. New York. 
1969: Haw/book of Cht<misrry and PIJysics. 551h cd., 
Ch.:mical Rubber Publishing Co., Cleveland. 1974 1975. 



But… Zero resistance is not the whole story
Something remarkable happens in the SC state: Meissner effect
• A SC is qualitatively different from a normal metal whose resistance goes to 

zero at T<Tc:
Superconductor ് Perfect electric conductor

Meissner effect differentiates them
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Superconductivity is a thermodynamical state which expels magnetic fields and 
cannot be explained by classical electrodynamics (input from quantum physics!)

Additional constraint 
(broken Gauge symmetry)

Apply 

Cooling 
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ܶ > ܶ

Switch off 

Perfect Electric Conductor

Superconductorܶ < ܶ

London 
equation
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Preserve initial condition!

Zero field!

ܶ < ܶ

A. Myiazaki, “Basics of RF superconductivity and Nb material” , SRF 2023 @Michigan State University



Microscopic origin of superconductivity
 Cooper pairs: Two-electron bound states at the Fermi surface
• Free particles in 3d: Can only form a quantum bound state in the presence of a 

strong attractive potential. 


• Cooper, 1956: Consider two electrons in the Fermi surface of a Fermi gas. Even an 
infinitesimally small attraction forms a bound state!



Bardeen-Cooper-Schrieffer (BCS) theory
• At T<Tc, an energy gap opens at the Fermi surface. Excited states are 

“quasiparticles”, the electrons that result when a Cooper pair is "broken". 



Dependence of SC energy gap on T/Tc

Superconducting gap

e

e

e
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irradiate with a photon 
with energy 2߂~meV
(typically THz)

Tear apart
Two 
quasi-particlesA Cooper pair

At finite temperature 0 < ܶ < ܶ, these two 
states are in thermal equilibrium

# of quasiparticles: ݊ே~exp െ ઢ
ಳ்

# of electrons in Cooper pairs: ݊ௌ~݊ െ ݊ே

Heuristic interpolation
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Quasi-particles (~normal conducting electrons) still exist if ܶ > 0 23

A. Myiazaki, “Basics of RF superconductivity and Nb material” , SRF 2023 @Michigan State University



Ginzburg-Landau theory (G-L): Macroscopic quantum behaviour
• The free energy of the SC state can be described by a complex order parameter Ψ(r): 

• These G-L eqns can be obtained from microscopic BCS theory. This shows Ψ(r) is the 
ensemble avg for the centre of mass wave fnc for Cooper pairs, and e*=2e, m*=2me. 

Cooper pairs move without loosing coherence between each other

• Minimize with respect to Ψ*(r):
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London eqns from G-L
• Interpret |Ψ|2 as a density, obtain current: 


• Plug                              :
<latexit sha1_base64="1ocdVn9H8lSW2XXRjNb0lc1Ti1w="></latexit>
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London gauge





Explanation of the Meissner effect, penetration depth
• Plug Maxwell’s                      into 2nd London eqn:


• Solve for a SC half space:

<latexit sha1_base64="FMORJifRrxV8KreYk868V6JOpY4="></latexit>
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Meissner effect for supercurrent



Compare to non-SC “ideal” metal with zero resistance



Effective penetration depth λ
• The penetration depth measured in experiments is affected by two additional length 

scales: “bare" coherence length ξ0 and electron mean-free path !.

YAPA, MAKARO, and DE SOUSA PHYS. REV. APPLIED 11, 024041 (2019)

derivative of Eq. (1) and substitute E = −∂tA, we obtain
the Pippard generalization of the first London relation]. (3)
The integral over r′ in Eq. (1) has a sharp cutoff at the sur-
face of the superconductor. This prescription is equivalent
to assuming diffusive scattering of electrons at the surface,
i.e., the surface is assumed to be rough, so that electrons
coming from the surface have no memory of any previous
exposure to the vector potential.

When A(r, t) is approximately constant over the range ξ ,
the integrand can be approximated by a delta function and
the Pippard relation reduces to the second London relation,

J(r, t) = − 1
µ0λ2 A(r, t), (2)

where λ = λL
√

ξ0/ξ is the London penetration depth for
impure superconductors. Since λ is inversely proportional
to the square root of the Cooper-pair density, this important
relation can be interpreted as a reduction of the effective
Cooper-pair density due to the shorter coherence length ξ .
Equation (2) is “local” in the sense that the current density
at any given point r within the superconductor responds
only to the vector potential at that same point r.

All modeling of superconducting devices to date has
been done using the local London relation, given in Eq.
(2) [4,8–10]. This can only be justified when ξ is smaller
than the characteristic length scale of A(r, t), which is set
either by the smallest linear length scale of the wire or by
λ, whichever is smaller.

Table I shows the zero-temperature bare penetration
depth λL and Pippard coherence length ξ0 for some com-
mon superconducting materials.

We see from Table I that the Pippard coherence length
is much greater than the penetration depth for most com-
mon superconductors. In the regime of large wire geometry
with ξ $ λ, this effect is often taken into account through
a simple renormalization of the penetration depth, imply-
ing that local electrodynamics are still valid with a simple
substitution of λR for λ in Eq. (2) (see, e.g., Section 3.11
of Ref. [7]):

λR ≈ (λ2ξ)1/3. (3)

TABLE I. The zero-temperature “bare” London penetration
depth λL and intrinsic Pippard coherence length ξ0 for pure
superconductors [11].

Superconductor λL (nm) ξ0 (nm)

Al 16 1600
In 19 490
Nb 39 38
Pb 37 83
Sn 35 250

Here, we perform exact numerical calculations of the
current density and vector potential for superconducting
wires in the nonlocal regime. We show that local electrody-
namics generally break down, impacting circuit parameters
such as inductance and flux noise.

The paper is organized as follows. Section II describes
analytical solutions for the current density and vector
potential inside a cylindrical wire using the local electro-
dynamics. Section III presents our numerical method for
exact solution of the self-consistent relations arising in
nonlocal electrodynamics; Sec. IV describes our explicit
numerical results together with their comparison to the
local case and to simple approximations based on λR.
Section V applies these results to calculations of internal
and kinetic inductance and Sec. VI to calculation of flux
noise due to impurities at the surface and the bulk of the
wires. Finally, Sec. VII presents our conclusions.

II. LOCAL ELECTRODYNAMICS: EXACT
ANALYTICAL SOLUTION

A well-known challenge in the computation of super-
conducting current density and the Meissner effect is the
presence of singularities at the wire’s edge. Even for the
simpler local case, these singularities require the use of
uncontrolled approximations, such as the ones made for
thin films and strip lines [8–14]. Here, we avoid edge sin-
gularities by focusing on a much simpler wire geometry,
the infinitely long, straight, and cylindrical superconduct-
ing wire shown in Fig. 1. As we show here, the choice
of an edgeless geometry greatly simplifies the calculations
and makes the nonlocal case exactly solvable, without the
use of approximations that are hard to justify. The cylin-
drical wire is not just an idealization: it provides a realistic
model for the coaxial cable with a return current flowing
on an external cylinder concentric with the wire (the return
current produces zero magnetic field inside the wire and
does not affect its SC current density).

Combining the Maxwell equation,

(
∇2 − 1

c2 ∂2
t

)
A = −µ0J , (4)

FIG. 1. An infinite wire with cylindrical geometry. The current
is assumed to flow along +ẑ.

024041-2



Back to G-L: Critical field
<latexit sha1_base64="okrWL3dbMeeFZhxNJhe8BlZlE90="></latexit>

�F
� ⇤ =

@F
@ ⇤ �r · @F

@r ⇤ = ↵ + �| |2 +
1

2m⇤

✓
~
i
r� e⇤A

◆2

 = 0

• Neglect fields and gradients inside a bulk SC:



H vs. T phase diagram for SCs: Type I and type II
Under strong but static magnetic field: Type-I vs Type-II 
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Mixed state of a type-II SC
• In Type-II superconductors flux tubes are created each carrying one flux 

quantum (the minimal flux allowed by quantum mechanics)
• Flux tubes are repulsive creating therefore the vortex lattice

STM image of  Vortex lattice, 1989
H. F. Hess et al. Phys. Rev. Lett. 62, 214 (1989)

T. Junginger - Basic principles of RF Superconductivity SRF17 Lanzhou, China



Magnetization curve

• Under DC fields flux tubes can be pinned – no dissipation
• SC magnets are operated between Hc1 and Hc2

• Under RF fields flux tubes oscillate – dissipation
• RF cavities are operated in the Meissner state

T. Junginger - Basic principles of RF Superconductivity SRF17 Lanzhou, China



Cavity quality factor and surface resistance
• Quality factor due to electromagnetic (Ohmic) loss:
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G depends on geometry and is independent of size 

Our interest: (unloaded) quality factor

8
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Origin of surface resistance: Resistivity due to quasiparticles
RF resistance ܴ௦ is non zero
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x
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y
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RS vs mean-free path lܴௌ vs mean free path ݈

39

dirty clean

Optimal
݈~ Τߦ 2

ܴ௦~
ଶߤ

2 ே߱ଶߪଷߣ

ߣ = ߣ 1 +
ߦߨ
2݈

ேߪ =
݁ଶ݊߬
כ݉ ן ݈

՜ ܴ௦~݈ × 1 +
ߦߨ
2݈

Τଷ ଶ

Counter intuitively, super clean material is not ideal for SRF cavities!
Æ Heat treatment, doping, etc to make surface dirty 

Q7
Why?
Check “Anomalous skin effect”

A. Myiazaki, “Basics of RF superconductivity and Nb material” , SRF 2023 @Michigan State University
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Optical conductivity from BCS theory
D.C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958)
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• BCS also predicts deviations from the London σ2 when T>0:



Microscopic calculation of RS using BCS

Numerical calculation of ܴௌ(ܶ, ݂)

38

ܴௌ ܶ =
ܣ
ܶ
exp

ȟ
݇ܶ

ܶ < Τܶ 2

ܴௌ ݂ ן ݂ଵ.

Frequency dependence between ݂ଵ.ହ and  ݂ଶTemperature dependence is exponential 

Classically derived two-fluid model works fine to explain quantum calculation of BCS
Æ Practically, we can use the two fluid model to interpret data in your lab
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• Calculate                   using Mattis-Bardeen and two-fluid expression for λ(T):
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